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Spectrum of analytic continuation 
 
 
D V Ingerman 
 
Abstract.  I will show that operator of analytic (harmonic) continuation on a lattice graph has a 
positive spectrum. I use a theorem about positivity of eigenvalues of totally positive matrices. I 
conjecture that by approximation the similar result holds in continuous case on a plane. 
 
 
 
 
1. Harmonic functions 
Let γ be a positive function (conductivity) on the edges of a graph. We call two vertices of a graph neighbors 
if they are connected by an edge. A vector u on the vertices of the graph is called harmonic or γ-harmonic if 
its value at a vertex is the weighted average of its values at the neighbors. 
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(analog of the Laplace-Beltrami equation 
  
0=+ yyxx uu  
or 
0)()( =+ yyxx uu γγ  
.)  
 
2. Harmonic continuation 
If the values of a harmonic function u are specified at some vertices of a graph   
naaa ,...,, 21  
(or a region in continuous case) they may imply the values of u at some other vertices (or a region) 
mbbb ,...,, 21  
by harmonic continuation. 
The map of harmonic continuation  
)()(: ji buauH →  
is linear. 
We will show that the spectrum of H for n = m for the following graph  
 
 
Figure 1. We consider harmonic functions on this lattice.  
 
is positive and conjecture that the same result holds for arbitrary planar graphs and continuous case on a 
plane. 
 
3. Spectrum of harmonic continuation 
We will prove that the eigenvalues of modified H are positive by constructing a basis in which the matrix 
representing the linear operator of harmonic continuation H is totally non-negative (the determinants of all its 
square submatrices are non-negative). By [8, 10] this will imply the result. 
Let modified H be the map from differences between values of u at the edges a to the differences between 
values of u at the edges b. 
 
)()(: buauH ∇→∇  
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Figure 2. We consider harmonic continuation from black edges a to red edges b. 
 
Lets take the differences ∇ u of u in the directions of the arrows shown on the figure 3.  
 
 
Figure 3. Arrows making harmonic continuation totally positive. 
 
The directions are chosen in such a way that the harmonicity equation for u 
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implies that )(redu∇ is a linear combination with positive coefficients of  )(blacku∇ in the figure 4 
 
 
Figure 4. )(redu∇ is a linear combination with positive coefficients of  
)(blacku∇ .  
This is a step in the harmonic continuation. 
 
The dependence is obviously given by the matrix of the following form 
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which is obviously totally non-negative. The harmonic continuation H from edges a to edges b (figure 2) is a 
sequence of steps represented by the matrices of the form above. The product of non-singular totally non-
negative matrices is a non-singular totally non-negative matrix by Cauchy-Binet formula for determinants. 
Therefore H as the product of the matrices of the form above is represented by a non-singular totally non-
negative matrix. The spectrum of totally non-negative matrix is non-negative [8,10], therefore 
 
)()( aubu ∇=∇ λ  
has 5 positive solutions 
 
0>λ . 
4. Conjecture for the continuous case 
Let γ be a positive function (conductivity) on a region Ω in a plane. A function u on the region is called 
harmonic or γ-harmonic on Ω if it satisfies Laplace-Beltrami equation  
0)()( =+ yyxx uu γγ  
or Cauchy-Riemann system 
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for some function v. 
  
Conjecture 4.1 
Let Ω be a region in a plane and γ be a positive function on Ω.  
Suppose  
• funtion u is γ-harmonic on Ω 
• regions A and A+shift belong to Ω  
• the values if u at the region A determine the vales of u at the region A+shift by γ-harmonic 
continuation 
If for some λ 
)()( zushiftzu ∇=+∇ λ  
Az ∈∀  
then 
.0>λ  
The proof should follow from the approximation of the continuous equations by the equations on a lattice. 
 
5. Applications 
The eigenvalues of the harmonic continuation can be directly measured from the Dirichlet-to-Neumann map 
of the graph implying simpler equations for conductivity in terms of the Dirichlet-to-Neumann map for the 
inverse problems.  
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